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The foregoing analysis is the general case
for the transfer of energy from an electron
stream to a feld and then to a load, and
includes the more familiar ** lumped circuit ™
concepts as special approximate cases.

(To be continned)

(Bibliography will be included at end of Parl I1{
af the arlicie)

H.F. RESISTANCE AND SELF-
CAPACITANCE OF SINGLE-LAYER
SOLENOIDS

By R. G. Medhurst, B.Sc.

(Communication from thr Sicff of the Research Laboratories of The Generol Electric Compang, Limited, Wembley, England.)

{(Concluded from page 33 of the Febriavy issue.)

9, Self-capacitance of Single-layer Coils.

9.1. The self-capacitance of each coil,
including capacitance due to leads, has to
be added to the parallel capacitance reading
of the twin-T. It is a small correction,
usually less than 1 per cent. The original
intention was to use Palermo’s formula
for self-capacitance'd, this being available
in abac form'™ and hence readily made use
of. However, for the closely-spaced coils, a
noticeable variation with frequency started
to appear in the calculated values of induc-
tance (which should be consistent to better
than } per cent), so it was decided that an
attempt should be made to find out whether

_Palermo’s formula did in fact agree with
- experiment, and, if there was a substantial
- disagreement, whether an empirical formula
- could be substituted.

.- ‘What was required was a set of formulae,

.. gr, pre‘erably, a set of curves from which
the self-capacitance of a particular coil

- could be quickly and easily read off, say to

.20 per cent or better. Since the capacitance

- of the leads is of the same order of magnitude

. as that of the coil, it was first necessary to

“find out whether the lead capacitance could
~-be specified by some quantity which would

. be additive algebraicallv to the self-capaci-
~ tance of the coil.
.. The simplest hypothesis is that the " live ”’

"~ lead can be treated as an isolated straight

vertical wire ; that is to say, that (1) the fact
of its being bent, and (2) the proximity of
the coil to the upper end have a negligible
effect on its capacitance. This we shall
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show to be correct, to the degree of approxi-
mation we require,

g.2. The capacitances of a number of
copper wires of various lengths and diameters,
from 10 to 40 cm in length and from 12 S.W.G.
to 44 S.W.G., were measured at 200 kc/s,
the wires standing vertically upright with
their lower ends in the live terminal of a
Cambridge Capacity Meter. Over this range
of length, the capacitances of each wire
gauge were quite closely proportional to
their lengths (see, for example, Fig. ).
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The capacitances, measured in this way,
nf 25-cin lengths of wire of various gauges
are plotted against the wire diameter in
Fig. 5. In Fig. 6 capacitance is plotted
against length for a number of wire gauges.*

\Ve may readily show that bendmg of the
wire and alteration of its position relative to
earth make no large difference to the
measured capacitance. A 25-cm length of
No. 12 SW.G. copper wire was measured
in a vertical position, as before., Its capaci-
tance was 2.9 pF. Now, a piece of brass
sheet, 35 ¢m X 15 cm, was aitached to
the earth terminal of the capacifance
meter, so that it formed a horizontal earth
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Fig. 5.
copper wire of various dianieters.

addition, some observations were made on
the eflect of the proximity of an adjacent
vertical earth lead, screwed into the earth
terminal of the twin-T. It was found that
there was no measurable increase in capaci-
tance untiyl the earth lead was brought to
within one or two centimetres of the live
lead.

g.3. Belore we discuss the effect of the
proximity of the coil on the capacitance of
the “live” lead, we have 1o describe the
method used for measuring the capacitance
of the whole coil-lead assembly.
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" Fig. 6. Variation of cafacitance with wire length

for vertical copper wives of varions gaiges.

adjacent to the wire in the hve terminal. ... The standard te-hnique for making seli-
“capacitance measureménts on  colls  was
“originally suggested by G. W. O. Howe™.

The wire was bent over so that about 273
of its length was horizontal and about
fy cm above the brass sheet. The capacitance
was now 3.0 pF. Even when the wire was
brought to within about 2 ¢m of the earth
plate, the capacitance reading only TtO0se
to 3.6 pF. Finally, the wire was screwed
into the meter terminal at its centre, the
two ends being bent up to about 45° to the
horizontal. The capacitance reading was
now 3.1 pF.

Some of these measurements were repeated
on the twin-T, at frequencies up to 20 Mc/s,
and close agreement was obtained. In

The square of the wavelength is plotted
against the added parallel capacitance
necessary to resonate the cvil. The points
so obtained should lie on a straight line,
which is produced to meet the capacitance
axis, making a negative intercept which 13
numerically equal to the self-capacitance.
The present method is a modification of this,
making use of the large range {1,000 pF)
of the mam tuning capacitor of the twin-T

“and its fine graduation (0.2 pF per division).
- A measurement is carried out at the frequency
at which the coil resonates with about

* It is interesting to note that, over these -

rangges of length and diameter, the theoretical
-expression, given originally by G. W. Q. Hawe {see
ref. 19 : also ref. 1z p. 116), for capacitance of a
straight vertical wire above a plane earth is very
roughly linear with respect to the length ol wire,
Qur experimental points, however, fit more closely
10 a straight line thas to this theoretical curve.
The theoretical curve for 1:2-gauge wire intersects
the experimental straight line at the 45-cm Iength
point and is about o4 pF above at a length of
1o-cm.  In the lo-gauge case, the theoretical curve
falls above the experimental line throughout the
range, the maximum deviation being about 0.3 pF,

1,000 pF. About half a dozen additional
measurements are now required, the first
at about four limes this frequency and the
remainder at frequencies increasing in steps
of 2 or 3 Mc/s.

Now, if we know the seli-capacitance

(including lead capacitance), we can calculale

" the inductance from any one of these¢ measure-
"ments. since ithe coil is resonating with its
-self-capacitance plus the added capacitance.
~To obtain a given accuracy of inductance
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we need to know the seif-capacitance less
accurately as the added capacitance becomes
higher. In particular, if we make use of the
measurement involving an added capacitance
of about 1,000 pF, quite a rough value of the
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Fig. 7. Apparent self-capacitance of a coil with
variots lengths of lfends.

self-capacitance (which 1s not usually greater
than 5 pF) will vield an inductance value of
very high accuracy. The rough value is
derived from the 1,000-pF measurement and
the measurement involving the lowest added

where C is the added capacitance at fre-
quency f.

As an example of this method, coil No. 32
had 38 turns of 20 S5.W.G. copper wire,
mean diameter being 510 cm, overall
length 4.79 cm, spacing ratio o.720. Sell-
capacitance measurements took the form
shown in Table IV.

The live lead consisted of o cm of 14
S.W.G. copper wire. Thus, alead capacitance
of 1.03 pF (independent of {requency)
has to be subtracted from each of the readings
in Table IV, to give the actual self-capaci-
tance of the coil (see below, Sections g.4
and ¢.6). The mean self-capacitance now
becomes z.30 pF.

It appears, from these results, that the
reactance of this coil can be represented
closely, over quite a wide frequency range
up to and beyond the self-resonant frequency,
by a fixed inductance in parallel with a
fixed capacitance. This 15 true for all the
coils measured, no evidence being found
for the suggestion sometimes made (e.g.
ref, 12, p. 84, footnote) that self-capacitance
Is lower at the self-resonant frequency of
the coil than at frequencies much less than
this.

capacitance. In practice, we do not actually
work out this self-capacitance correction, 9.4 Now we can return to the question of
TARBLE 1V.
| c L Co
Frequency C, {pF) C, (PF)
Mc/s Cy—C, Inductance 0.02513% 0.02533 .~
(pF) (wH) Lt L
(PE} (pF)
0.72 100 1076.0 g976.0 49.89
3.0 100 153.2 53.2 56.4 3.2
6.0 200 210.7 10.7 I4.1 14
B.o 150 154.8 4.6 7.9 33
120 200 200.15 0.I5 3.52 3-4
15.0 3o0 298.95 —1.05 2.25 3.3
18.0 200 198,2 —r1.8 L.57 3.4
. . . . Mean. 3.13
the inductance being obtained directly
from the formula .
002533 " 1 1 the effect of the lead capacitance on the
L= c—r. [—n — —2:| total measured capacitance.
:—Cy LA A

A coil was constructed (39 turns of 2o

€, and C, (pF} being the added capacitances
at frequencies f, and f, Mc/s) respectively.

Finally, using this value of inductance
we can calculate the self-capacitance, at
each of the frequencies of measurement
after the first. from the formuta

0.02
Co = I}fS —C

gauge wire, mean diameter 5.08 cm, overall
length j.70 cm) having 14 gauge leads each
35 ¢m in length, inclusive of the portion
bent over near the twin-T terminals,
The parallel capacitance of coil plus leads
was measured as just described, and the
measurements repeated when  the leads
were shortened to 23.5, rr1.5 and 7.5 cm.
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The results are plotted, in Fig. 7, against
the length of the live lead. If the lead
capacitance adds algebraically, without
modification, on to the coill self-capacitance,

these points should lie on a straight line
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Fig, 8. Comparison between Paleyme's jormula
and measured sell-capacitences of coils having
lengthidiameter 1 approximately.

parallel to the 14 S'W.G. line of Fig. 6.
By the method of least squares, the best
fitting straight line has been drawn among
these points, which deviate from it by
not more than 5%,. This line, it will
he seen, is verv closely parallel to the
14 SW.G. line.

9.5. We are now 1n a position to deal
with Palermo’sself-capacitance formula.
Previous work 1971720 hag established
that the self-capacitance of a single-
laver coil (C;) is directly proportional
to the coil diameter. 1t is also in-
dependent of the number of turns.
provided this number is not too small.
The remaining quantities upon which
Ce might depend are the ratio of coil
length to diameter, the wire diameter
(d) and the spacing of the turns {s}.
Investigators before Palermo had as-
sitmed that C, was independent of 4
and 5. Palermo asserted that C, varied with
« and s according to the following relation :

.
" 3.6 cosh 1t s/d
where D is the coil diameter {cm).
This result, independent of the length of the
coil, was supposed to hold for coils whose

length/diameter ratic was egual to or less
than 1.

gt
R

L
':I...
iy

=

-
ey

=
=

LoiL

Fig. g.

Fig. 8 shows measured values of the ratio
Co'D for nine coils having diameters ranging
from 2.6 to 6.3 cm and spacing ratios (d/s}
from .15 to 0.95. Wire gauges used range
from 18 to 30 S.\W.G. All the coils were
wound with bare wire on grooved Distrene
formers except two, with values of d/s equal
to 0.947 and o0.g19, which were wound
respectively with single-silk-covered and
doublessilk-covered wire on ungrooved
Distrene rod, the turns being as close to-
gether as possible. Values of length/diameter
were all about 1, ranging from o.94 to 1.40.
Each coil was measured as described above
(see Table IV), lead capacitances being
subtracted. In Fig. 8, Palermo's theoretical
expression for 4/ is plotted against d/s.
and the experimenial values are plotted on
the same scale. To better than 59%;,. the
measured values fit the expression

ru - 0.46 D,

being independent of the spacing ratio.

These observed values show a tendency to

_increase slightly with increasing proximty
- of turns, but this increase was of the order
...of magnitude of the experimental error

anticipated, and it was not thought than any

useful conclusions could be drawn.

11 has to be pointed out that this experi-
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Variation of self-capacitance with coil lenpih (one
end of cotl earthed).

mental demonsiration of the lack of depend-
ence of self-capacitance on the spacing of
turns contradicts not onlv Palermo’s theory
but also some experimental confirmation
which he brought forward (see Section 9.7
below.}) Consequently, it seems advisable

to remark that no investigators other than
Palermo have found a measurable variation
with turn spacing. ]. C. Hubbard !¢, for
example, says :
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“ There is no evidence that the variation
of ratio of pitch to diameter of wire has
a measurable effect on the distributed
capacity in the region studied, though some
eftect is to be expected for coils of a smaller
number of turns than those studied here.”
Hubbard’s minimumn nuinber of turns was
35, and he worked down to a length/diameter
of about 0.2; ie., his coils are ‘' short”

enovgh for Palermo’s formula to be
applicable.
g.6. C, having been shown to be sub-

stantially independent of dfs, the final step
is to find the variation of €y with the length/
diameter ratio. Fig. g shows the results
of a series of measurements on coils whose
length/diameter ranged from 2g.2 to 0.103.
Diameters ranged from o0.675 to 6.36 cm,
and numbers of turns from 10 to about 636.
All the coils were those which had been used
for h.. resistance measurements, except
the two with the pgreatest and smallest
ratios of length/diameter. The former was
wound with about 636 turns of 34 gauge
wire, double-silk-covered, on a }-in Distrene
former, and the latter with 1o turns of zo
gauge wire, double-silk-covered, on a 24-in
Distrene former,

It appears that, in the commonly eccurring
case when one end of the coill is at earth
potential, we can write down the self-
capacitance in the form

Co = HD picofarads, where D is in

centimetres.

H depends on the length/diameter ratio
only. The table of values of H which
follows is based on the curve of Fig. q.
The use of these values, with the appropriate
lead correction, should give results accurate
to 52, or better,

TABLE V.

Length Length Length
-4 H [|——| H -| H
Diameter Diameter Diametet

50 5.8 ‘ 5.0 o.3r o.70 0.47
40 4.0 45 .77 o.00 a.48
30 3-4 4.0 0.72 0.5C .50
23 2.9 35 0.by 0.45 ©.52
20 2.30 3.0 0.61 0,40 .54
15 .86 2.5 .50 0.35 057
10 1.32 20 0.30 .30 o.bo
9.0 1.22 1.5 0.47 Q.25 o.fy
J.0 112 1.0 o, 46 0.20 0.0
7.0 1.01 .90 0.40 I .15 0.7
0.0 o, a4 o.4h | ot oyb
| il :
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J. C. Hubbard!® remarked: ‘... we
apparently have two quite independent
factors "’ (determining the self-capacitance
of coils), " one predominating greatly in
very short coils, the other, in very long
coils.” It is an Interesting confirmation of
this suggestion that the experimental results
of Fig. g and Table V can be fitted quite
closely (to 2 or 3%) by an expression of the
form

H == 01126 ;) + 0.08 + 227

iD
The first numerical factor follows from
Nagaoka's inductance formula for Jong
coils and the experimental fact that the
self-resonant wavelength for long colls equals
twice the length of winding (see below).

The other two factors are empirical.
A few additional measurements were made

‘on some two-turn and single-turn coils.

A coll of two turns of closely-spaced 18
S.W.G. double-silk-covered wire, diameter
6.47 cm, length/diameter 0.042 gave an
H value of 1.53, which is quite close to the
value, 1.40, calculated from the expression
above. Another two-turn cotl, of closely-
spaced double-sifk-covered jo gauge wire,
diameter 4.46 cm, length:diameter o.o0067,
gave the low H value of 0.96. The lead
correction is uncertain in both these cases,
the assumptions about the live and the
earth leads needing modification when the
length of the lead becomes comparable with
the winding length. It seems from these
results that the curve of Fig. 9 can be
extrapolated to a length/diameter of about
003, even when the number of turns is
only two, but that there is a considerable
falling off thereafter, A one-turn coil
(14 S3W.G., mean diameter 3.9 cm, length/
diameter 0.0084) Jeparted even more from
the trend of the curve in Fig. g, the A value
being only 0.23.

As an example of the use of Fig. 6 and g,
we may take the coil dealt with in Table III.
Ratio of length to diameter was 1.375, and
mean diameter was 5.10 cm. Hence, from
Fig. o,

se'f-capacitance of coil = 3.10 X 0.47
= z.4 pF.
The leads were of 14 S.3W.G., the length of
each was g.5 cm. Hence, from Fig. 6,
capacitance of live lead = 1.0 pF

Thus, total capacitance = 2.3 + 1.0 pF
= 3.4 pF.
g.7 The wide (discrepancy  between
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Palermo's results and the present work
make it desirable to sav something about
the {heoretical basis of 1he expression put
forward by Palermo.

What 1s called the " sell-capacitance™
of 2 coil will actually be a composite quantity,
and the components will not necessarily be
mutually dependent. It is convenient, to begin
with, to divide coil self-capacitance into
two parts, the “internal” and the
" external "’ capacilances. WWhen a current
flows through ihe coil, each turn is at a
different mean potential from every other
turn. Consequently, there will be capacitan-
ces between each pair of turns (modified by
1the presence of the other turns between or
on either side of the particular pair.). \We
shall call the effective parallel capacitance,
across the whole coil inductance, the ** inter-
nal ’ capacitance ; it is formed by summing
all these capacitances between turns, each
taken across the appropriate part of the
inductance.

Furihermore, each turn will be at a mean
potential different from that of the earth,
so that ea'h turn will show a capacitance to
earth, The effective parallel capacitance
formed by summing these capacitances to
earih we shall call the ‘“external™ cap-
acitance.

1t will be apparent that if the external
and internal capacitances are comparable
in magnitude, the apparent self-capacitance
will be different when neither end of the
coil 1s earthed, since the external capacitance
will then not appear directly across the
terminals of the coll. Hence, ihe present
results, which are all for coils earihed at
one end, may not be applicable to cor's both
ends of which are above earth putential.

Palermo {urther divides the Internal
capacitance into two portions, the capacitance
between adjacent turns and the capacitance
between turns which are not adjacent. He
assumes that almost the who'e of the
self-capacitance is made up of the portion
of 1the internal capacitance between adjacent
turns : that is to say, he asserts that the
capacitance between non-adjacent turns will
be negligible, and he fails to mention the
external capacitance.

Now, in spite of having neglected what
may be a large part of the total self-capacit-
ance, he predicts values which, for closcly
spaced coils, are very much larger than the
values we have measured. The reason for
this over-estimate is not too difficult to see.

Palermo derives his capacitance between
adjacent turns from the formula for the
capacitance hetween long parallel cvlinders,
diameter 4 and separation of centres s,
which he quotes in the form

1

t= 3.6 cosh—1s/d
When i/d approaches 1, that is to sav, when
the cvlinders are very close, this expression
approathes infimity. However, when the
turns of a coil are very close the self-capacit-
ance does not approach Infinity, and the
reason for the discrepancy appears to be
that what we have to concern ourselves
with is fhe effective current-carrving path
and not the whole of the cross section of
each turn.

When high-frequency current flows through
an isolated wire, the current tends to be
concentrated near the surface, \When the
wire is bent intg the form of a coil, the
current tends, further, toflow round the inner
surface of the coil. Finally, the effect of
the adjacent turns is to cause the current
to withdraw from ihe portions of the wire
nearest to these turns. Thus, even when
the turns are very close the effective current-
carrving paths are still comparatively remote
from each other.

Thus, the capacitance between adjacent
turns will be less than that predicted by
Palerme. The fact that self-capacitance
is substantially independent of spacing of
turns suggests that the part of the self-
capacitance considered by Palermo s
actually negligible.

The question of the validity, or otherwise,
of Palermo's formula is complicated by the
existence of some measurements [on coils
earthed at one end) which he brings forward
in support of his theory. It is difficult to
say much about these measurements, except
that they are closely in agreement with
Palermo's formula, and consequently, when
the turns are closely spaced, ihey are very
different from other published results on
similar coils. The discrepancy is drastically
illustrated by Palermo’s coil No. g, which had
a diameter of Io.40 cm and a length of
§.65. The number of turns was 28, the wire
diameter 0.320 cm and the spacing ratio
0.g3. The coil was measured at a “ hugh
frequency ' ;  Le., at sowething below,
but of the order of magnitude of the seli-
resonant frequency. From the curve of
Fig. g we would predict a self-capacitance of

picofarads;cm.
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4.8 pF. Dalermo’s formula gives 20.5 pF.
The measured value he gives as 20.0 pF.

Palermo’s measured ceils fall into two
groups. Seven of them, with spacing ratios
between 0.3 apd 0.8 were measured by the
Bureau of Standards. Over this region of
spacing ratio, Palermo's * proximity eflect
is not oo pronounced. The measured values
were all between 1 and 3 picofarads larger
than the wvalues that would be predicted
from our present work. Palermo makes no
mention af a correction for leads and tee-
minals, and possibly this accounts for the
discrepancy. The remaining twelve coils
were measured by Palermo himself, and
it is among these that we find the capaci-
tances (such as the one already quoted)
which are so greatly different in magni-
tude from our results.

g9.8. We have seen that, so far as
self-capacitance is concerned, a single-
layer coil behaves very closely like a
cvlindrical current sheet. It is well
known that this is also true of the
" inductive part of its reactance. If we
cumbine these two current-sheet formulae
we might expect to deduce some simple
expression, depending on the coll geo-
metry, for the self-resonant frequency.
Our measyrements have given a
self-capacitance expression in the form
Co=HD, where H is a quantity
dependent on the length/diameter
only.
The Nagaoka expression for the inductance,
L, may be written in the form
L, = KntD, where K 15 dependent on
the length/diameter only.
Now, if we call A (cm) the self-resonant
wavelength, we have

Z

TABLE VI.

Length 'l Length Length
—_— — N — N
Diameter H Diameter Diameter

50 20 5.0 2.3 || o0 3.8
40 2.0 4.5 2.4 0.60 40
E) 2.0 4.0 Z.4 0 30 4.3
25 2.0 35 <5 .43 15
la lo 3 15 6.49 44
15 2.1 25 2.6 Q.35 jo
10 1t | 20 2.7 0.30 i4
9.0 1t .5 2g 0.25 5.3
d.0 1.2 [.o 3.4 0,20 0.}
7.0 1.4 0.40 3.5 0.15 7.1
6.0 33 0.8a 3.6 | a.1o 8.3

2w e /Ly, where ¢ (cmfsec) is the
velocity of electro-magnetic radia-
tion,

awe v HEKREDE

arcnl HK

Ni where N is dependent on the
length/diameter only and ! is the
total length of wire.

Values of V, worked out from the in-
ductances and self-capacitances ol the coils
previously measured, are plotted against
length/diameter in Fig. ro. Table VI gives
values of N and has been worked out from
Table V and Nagaoka's values of K.
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Fig. 10. Warelength at self-rescnant frequency equals

N x fofal length of wire,

10. Frequency Correction.

The measured values of ¢ (ratio of the h.f.
resistance of the coil to the resistance of the
straightened wire at the same {requency)
are mostly for frequencies such that : (see
list of symbols) has values between 8 and 20.
Though these frequencies are to be regurded
as " high " according ta our previous defin-
ition of “ high frequency,” (Le., [requency
for which z>7), ¢ will still, to some small
extent, be frequency dependent. So that
the measured values shall be comparable
among themselves, it will be advantageous
to apply a frequency correction such that the
corrected ¢s correspend to the same value
of z. If we choose infimity as this standard
= value the corrected ¢s can be compared
directly with Butterworth’s “high-frequency”’
table, which is svpposed in applv at in-
finitely large Since, as we shall see,
the frequency correction 1S small, we may
still use the corrected ¢ values at the orders
of frequency commonly encountered.

It is unfortunate that exact ieasurements
on coil resistance are almost as scarce at

-
-

¥
a -
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low as at high frequencies. Consequently,
it has not been found possible to deduce
from previous work an experimental
frequency correction to convert the present
measurements from “ high ” te * infinite "'
{requency. Tentativelv, a correction
formula was used based on Butterworth’s
theoretical considerations, modified in the
light of the present results, The formula
in question 1s

Aé == S_IG (‘I‘Se.rp - 21}

$,2p being the measured value of ¢, and
G and e being quantities due to Butterworth
(see, e.g., rel. 12, pp. 78 and 7q).

The correction did not usually exceed 2°,,.
It may be either positive or negative. In
deriving A4, the general form of Butter-
worth’s resistance formula is assumed ; i.e

a.c. remIstance = oH kG
d.c. resistance

where the first term represents the losses

due to the currents in the wires, and the

second the losses due to the field of the

whole coil. H and G are functions of z only,

Vez41
4

— I'ESPECUVBI} (the value of z chosen

being given for large z by and

for each coil being that corresponding to the
mean working frequercy). « depends on the
spacing ratio of the turns, and % on the
spacing ratio and the dimensions of the coil.

Now, we have seen previouslv (Section

3.21 that the Butterworth theory 1s most
Open to suspicion in that part of it which
deals with Josses due to the " mean trans-
verse field.” The effect of these losses, in
the theory, is to cause &, at infinitely high
frequency, to have wvery high values,
especially for close spacing. This is the
effect that is not confirmed by the present
measurements. So, to derive a-frequency-
correction formula, we shall assume that

% has some value which does not vary with
frequency (z being sufficienily high) and,
eliminate & between the expressions for ¢
at the frequency of measurement and at
infinite frequency. « we may take, accerding
to the theory, as being also very nearly
invariable with frequency.
When z approaches infinity, we have

R
. ¢=a’.+-§

a.c. resistance I
AlSO, dexy = d.c. resistance ~ 4/2z4
cxH H + kG
@ ¥

and hence, eliminating % from the expres-
sions for ¢ and ¢,,, and using the relation
2H =1 -} 4G, we obtain the required ex-
pressien for ¢ ; ie.

I
5{’ = ‘?Scxp + [T (‘#’ur — 20

We shall see later that the argument for
assuming % to be substantially independent
of frequency, when z is high enough, is not
complete, because we have only given-
reasons for rejecting that part of Butter-
worth's theory which applies to Aigh-
frequency coil resistance. We shall con-
sider the low-frequency case in Section 14.

11. Effect of the Proximity of the Twin-T

Top.

It was thought that an additional correc-
tion might be necessary for losses due 1o
the proximity of the metal top of the twin-T.
To ascertain the order of magnitude of
this effect, a coil {48 turns of 20 gauge d.s.c.
wire, mean diameter 2z.50 cm, length/
diameter 1.82, djs 08¢} was measured a
number of times, the leads being progres-
sively shortened until the distance of the

“coil from the twin-T terminals was about
-its own diameter.
"2 diameters above the twin-T top.

-~ There was no significant variation in the

The coil was then about

TABLE VIL

Leagth of Total Temperatere | Total Resistance Resistance of Resistance of
each lead Resistance =C at 2z0° C leads {z0° C) coil (20" C)
cm ohms ohms ohms ohms
40 1214y x po~ 8y f 24 1210 X 1078400 25 w1078y f 1185 X 1078
15.5 1204 . 24 1165 . 10 . 1185 .
8 1212 " a5 1200 . 5 . 1195 .
L 1218 - 26.5 120 " 5 . 1198 .
4.5 T2EI . 27 1195 " 3 ’e 1192 .
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measured resistances, their spread being
about 1 per cent. The results are given
in Table V1I.

The two 3-cm measurements were carried
out on successive days. The length of each
lead includes the right-angle bend at the
twin-T terminal, so that in the case of the
last measurement the coil was about 2.5
to 3 ¢m above the terminal.

12. Resulis of Measurements.

After all these corrections have been
applied, we are left with a set of experi-
mental values of & for various non-integral
values of coil lengih/diameter and o'y,
These have to be reduced to a table with the
same intervals as those of Table L.

\We are assisted in this process by re-
membering that the error in Butterworth's
values has been assumed to be due to ex-
cessive weight being given to the transverse
field losses. If we weork out Butterworth's
formula again neglecting the transverse
field we obtain another table whose eatries
are all less than those in the Butterworth
tuble, except for the column corresponding
to infinite length/diameter. In this case,
the transverse field has disappeared.

Our experimental values all lie between
these two sets of values. Consequently, we
shall take the case where these two sets of
values are equal, Le. the extreme right-hand
column, as the limiting case of our empirical

worth values when the transverse field is
neglected. Since transverse-field effects are
less appreciable as the length/diameter
ratio increases, we may use this result to
fili in the & and xo length;/diameter columns.

Measurements on several coils having
values of d/s =o0.2 and 0.3, with length/
diameter ranging from 0.5 to 4, showed that
Butterworth’s values for these two rows are
confirmed by the experimental results.
This was nused to fill in the three lowest rows,
it being assurmmed that the bottom row, the
values in which are close to those for a
straight wire, could safely be taken as
following Butterworth,

[t may be pointed out that this agreement
with Butterworth's figures, over the region
in which Butterworth's theory might be

“expected to hold, constitutes indirect evi-

dence of the reliability of the measurements.

There remains the most important portion
of the table, that is, the top left-hand
quadrant. In general, due to difficulties in
accurate grooving, the spuacing ratios were
not exact multiples of v.1. However, the
spacing ratios ol the coifs which had been
constructed to have o;s = 0.0, turned out
to be very clese to ithe value aimed at. A
smooth curve could thus be drawn through
their ¢ values, giving the sixth row from
the bottom. By extrapolating the values
of coils having /s about 0.3 and 0.7, using
this dfs = 0.6 row and then drawing smooth

TABLE VIIIL
Coil Length{Cai! Diameter
idfs —
a .oz 0.4 0.6 0.3 1.0 2 3 6 3 10 w®
I.o 331 3.43 5.65 5.30 5.5 3.53 | 4.10 3-54 in 340 3.3 3.4z
0.9 373 3.33 3.99 .11 417 4.T0 3.36 3.03 2.y 2.t 103 301
0.3 2.74 2.83 2.97 310 3.20 317 .74 2.00 .00 2.62 1.65 4N
0.7 2.12 2.20 2.28 2.38 2.44 2.47 2.32 227 2.2 2.34 2.37 z.5L
o,k 1.74 .77 1.83 1.89 1.92 1.94 1.8 ang 2.03 2.03 2,10 | 2.2z
0.3 L.44 1.48 .54 1.00 1.64 1.67 1.74 1.78 1.80 1.8t 1.33 1.3
0.4 I.2 I.2 1.33 1.38 1.32 1.45 I.50 1.54 1.50 1.57 1.58 1.03
n.3 116G 1.19 r.21 r.z2 1.23 1. .28 I.3: I.34 I.34 1.35 1.40
0.2 1.07 1.08 103 [.T0 (.10 1.10 1.13 .13 | 1.6 1.16 L1y t.1g
0.1 1.02 o2 |, 1.03 1.03 1.03 1.23 1.04 1.04 T.0y 1.0 1.04 1.03
!

Exfevimental values of the ratio of the high-frequency cotl resistance o the resistavee al the came jvequency »f
the saine length of straight wive,

table. This is convenient, because it is not
possible to measure coils whose length!
diameter is infinite,

Further, measurements on a few coils
whose length diameter ratio was about &
showed that the experimental values of &
were within 1 or 2 per cent. of the Butter-

curves, the adjacent rows were obtained.
and similarly for the rest of the table.

The final result is Table VIIL. The values
for 's = 1 are obtained by extrupolation.
%o are the values for the two left-hand
columns.

In general, the experimental points deviate
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from the smoothed curves by 1 or 2 per cent.
In three cases the deviation is as high as
5 per cent.

It has already been pointed out {Section
5. that, from physical considerations, it
becomes increasingly difficult to construct
coils fulfilling the various criteria of Butter-
worth's h.{. resistance table as one approaches
the extreme left-hand side of the table.
The difficulty becomes acute in the bottom

13. Variation of Q with Coil Shape.

It is not vervy easy to judge coil per-
formance ifrom figures connected with the
h.{. resistance. Normallv, we are concerned
with coil efficiency, which may best be
defined bv its Q value at a particular fre-
quency.

It is well-known that Nagaoka’s inductance
formula may be used, with an error of
not more than 5%, up to quite high

left-hand quadrant. To cover this region, frequencies. In fact, in the case of the coils
5//—\\ \_\
— dfsw10
\_______‘
@ :/’ \\ =09
[ —— =08
/ =07
. -0g
L.‘/._ =05
e =04
| ] =0
=0¢
=01

I

F] ]

4

b ] 7 10

€O/l LENGTH/COIL DIAMETER

Fig. 11,
=

Variation af 8 with spasing ratis and lengtirjdiqmeter ratio.
h. 1. resisiance of coil

1t was necessary to sacrifice the condition
that z should be high. Thus, coil No. 41,
which had a mean diameter of .24 cm,
length/diameter of 0.542, and d/s of 0.250,
had to be wound with 30 gauge wire, and z
was only 2.79. The correction for frequency
was now about 17 per cent. This, however,
is not too alarming because in this region
Butterworth’s formulae predict values of
o and % (in the Butterworth expression for
¢, given above) which are almost independent
of frequency for large z.

The entries of Table VIIT are shown
graphically in Fig. 11. For closely spaced
wires, there is a critical value when the
Iength ‘diameter ratio is abowrt 1. This may
have some connection with the parallet
phenomenon observable in the case of the
self-capacitance (see Fig. g).

L. vesisiance of same lengih of streight wnire al sawme frequency

used in the present series of measurements,
if we assume a constant self-capacitance the
inductive part of the reactance agrees closely
with Nagaoka's value up to the self-resonant
frequency. It breaks down most seriously
when the wire diameter becomes comparable
{of the order of 1froth or more) with the
coil diameter.

Nagaoka's inductance formula is usually
written in the form

4m? REn® K 1070

L,= —g

where R, ! and # have the meanings pre-

viously defined, and K is a factor involving
the ratio of length/diameter only.

Also, R, = (d.c. resist.), H . ¢ ochms.
where K has its high-frequency value
{see Section 10) and ¢ 1s defined by Table
VIII.

henrys
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Hence,
znfin I Tf_
= hms.
R, w(di2)® p- 2v 2 10% # ohms
/2 Rnp
B ¢ ohms,
where
1 [
2y zoN  f
Now,
_4nf L,
=~
_ Jr*Ren® o gd
2nf . 7 Kro T VAR
_ R i K |
VBT
__R w K
V2B s ¢
= \/—1}% ¢ where ¢ is‘_':a"_fnnction of

dfs and I/D,

For capper, taking p = 1.7 X 1078 ohm-zm
we find that

Q@ =0.15R ¢ +/f

Table IX, which gives values of ¢ for
various values of coil length/diameter and
spacing ratip, is derived from Table VIII
and Nagaoka's table of K. The measured
values of @ (uncorrected for leads) were
checked against those predicted from this
table. For coils falling within the body
of the table, that is to say, to the left of the
column length/diameter = 4, the difference
was § per cent, or less, the values based
on Table IX being usually higher than the

_pared .
" Nagaoka's formula is a current-sheet formula

experimental values. For coils with length/
diameter =5 or more, and djs greater
than 0.5. the measured values tended to be
10 per cent or more lower than the predicted
values.

The discrepancy in the case of the long
coiis is due not to divergence of the measured

Tesistances from the wvalues corresponding

to Table VIII but to inductance values
different [rom those predicted by Nagaoka's
formula. These coils all had smatl diameters,
in urder that a sufficiently large [ength/
diameter ratio could be attained without
excessive bulk of coil, and the wire diameter
could no longer be regarded as small com-
with the coil diameter. Now,

and assumes that the thickness of this sheet

ro g
Pl
o o
H
-
2 o8
3
% 57 F/
g /
K
< og
5 /
S5 "z 3 + $ & 1 8 o

COIL LENGTH [ COIL DisMETER

Fig. 12. Variation of optimnm spaciﬂ.g ratio with
fenyth. dianeter.

is negligible compared with the diameter.
-1n using Nagaoka's formula, we have taken
"the mean diameter of our coil as the diameter
-of his eguivalent current-sheet.
_the current in a coil, at high frequencies,
“tends to flow tound the inner surface, so
-that the equivalent current-sheet should

However,

TABLE IX,

Coil Length/Coil Diameter
dfs
o 2 a4 0.6 0.5 1.0 z 4 6 3 10 oo
1.0{ oono G.18 0.20 0.3¢ 0.3% .38 .63 .50 0.39 0q3 0.3 | o.g2
a.9 .00 o2y 0.33 0,30 .43 o457 o0.hg 0.34 0.90 sy3 0.3 Q.91
a.8 C.oo v z3 .40 0.46 0.50 0.55 0.73 0.87 0.go o.y1 0.9I1 0.89
0.7 0.00 0.3z .46 .53 o.38 0.bi o3 o.87 0 g0 0.3y o &p o8y
ob| oroo 0.34 .49 0.57 0.63 .67 0.78 085 0.87 6. 30 o360 | 08j5
65| ooo 034 o.38 o.56 D.b2 D.b3 o574 .50 0.831 08z o8z | b1
a.4 0.00 9.3t 9.45 0.5t 0.5 0.419 o tg 0.74 a7 a.;o ah | o6
a3 .00 Q25 Q.37 o.44 o 9.5z 0.0 0.64 0 an a iy a 67 0.68
o.d a.00 a.19 0.27 .33 036 Q.39 0.33 040 051 0.31 Q.50 a.53
0.1 a.0a @.[a 0.T4 o.17 .19 o.21 0.15 0.27 0.xd a9 n2g | o.30
{

Fales of o, from Tuble VIII and Nagaoka’s iductance fornuda.  High-frequeney Q of a coil of copper
wire or thick fiebing 15 given by Q = 0. 15RY+ [,
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have a diameter less than the mean diameter
af the coil and greater than the inner dia-
meter, That is to sav, the measured in-
ductance value should lie between the
Nagaonka value obtained by using the mean
Jdiameier and thal obtained by using the
inner dlameter., This is found to be the case.

1D T
T =
£ L? g
£ U !
x 05 i
& od
S ol
0}
i)
1
o 1 g 3 4 3 [ B ¢ 12

oI LENGTH [ oM, EMAMETER

Variation of eptimum 3 with length)
diquieter.

Fig. 13.
Thus, for coil No. 54 (mean diameter 1.72
cm, wire diameter 0.12 cm), the two Nagacka
values corresponding to the inner and mean
diameters respectively were 7.8 and 9.0 pH.
The measured value was 8.15 pH., and,
subtracting a (calculated} lead inductance
of 0.13 pH., the coil inductance was 8.0 uH.

The entries in Table IX increase steadily
with increasing length ‘diameter, except that
when length/diameter approaches infinity,
and d's > 0.4, there is a small decline. This
decline seems not to be readily explainable.
The last three columns of the ¢ table, it
will be remembered, are those resulting
from Butterworth's theory when the trans-
verse field term is neglected. The slight
anomaly in the  table doubtless means that
the effect of the transverse field is not quite
negligible for length/diameter ratios of 8
and 10, when d/s is greater than 0.4.

The zero @ values for coils of zero length -

do not mean that the resistance is infinite,
but that the inductance has disappeared.

For a given length/diameter, these entries
show a rather flat optimum as the spacing

ratio varies. In Fig. 12 the optimum
spacing ratio is plotted against length/
diameter. In Fig. 13 the value of ¢ corre-
sponding to the optimum spacing ratio is
likewise plotted against length/diameter.
There is an interesting interpretation of
i analogous to the interpretation of A in
Nagaoka’s formula. K mayx be defined as
the ratio of the coil inductance to the in-
ductance of an infinitely long cylindrical

current sheet having a diameter equal to
the mean diameter of the coil. K, in fact,
ts an end correction, Similarly, it can be
shown from tlie resulis in reference 13 that
i is the ratio of the coil @ to the @ at the
same frequency of a certain idealized coil,
This " coil " is an infimtely long cvlinder,
having its inner diameter equal to the mean
diameter of the coll we are considering and
a wall thickness large compared with the
current penetration depth, the current being
assumed te flow round the inner surface.

14, Low-frequéncy Resistance of Single-
layer Coils.

When we derived a frequency correction
to 1he measured h.f. resistance values. we
assumed that the factor we have called &
(in the wersion of Buiterworth's formula
given in Section 10) was independent of
frequency if » was sufficiently high (of the
order of 10 or more). This, it was pointed
out, is not even approximately true in
Butierworth's theory.

Another way of putting this is that, with
close spacing ol turns, in Butterworth's

theory the h.[. resistance does not become
-proportional to the square root of the fre-
‘quency until z is very high.
‘turns are touching (physically, but not
-electricaily), i
“theory, never becomes proportional to /4.

When the

1lie h.d. resistance, in the

Butterworth gives values for his varinus

_guantities for z values up to 5, and for
‘infinite z.
-wvalues.
‘5 and oo is most conveniently done by
" plotting Butterworth’s functions against
- the reciprocal of 2. The values so obtained
_are, as one might expect, in closer agreement
“with the experimental results than those of
- Table I.
diameter = 1 we have the results of Table X.

Table I is based on these latter

Interpolation for = values between

Thus, when z = 10, for length/

- S TABLE X.
Ta BXLULSS OVEeTr
d's 4 experimental
values
1.0 10.37 87%
O 5-A7 3%
o8 3.01 I4%
0.7 201 ‘J':'u

In the case of the single coil with d/fs =
0.95, the theoretical value thus obtained
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was about 60 per cent. in excess of the
measured value,

Thus, if Butterworth’s low-frequency
values can be relied upon, his predicted
resistances are not so wildly in disagreement
with experimental results as appears by
comparison of Tables I and VIII, especially
since in the topleft-hand region of the Table,
where the discrepancy will be largest, the

coils, for physical reasgns, had to be
constructed with low ; values, between 8
and ro.

We can easily show that these low-
frequency Butterworth results are open to
considerable suspicion. In fact, we shail
see that, in consideration of the degree of
approximation tolerated by Butterworth,
any agreement with observation must, for
closely spaced coils, be regarded as in the
nature of an accident.

It was stated in Section 3 that Butter-
worth worked out each of his three types
of toss by solving 4 set of an infinite number
of linear equations, fach containing an
infinite number of unknowns, He used a
method of successive approximations.

Now, when the frequency is low, that is
to say, for 2 = 5 or less, the amount of
arithmetic involved in proceeding beyond
the first approximation becomes very large
indeed. Consequently, for these values of =,
Butterworth uses the first approximation
only.

One can only guess at the error this intro-
duces. For the case of touching wires,
-~ when z is infinite, there is an infinite error
. involved If we take only the first approxi-
- -matian for the transverse field losses. That
" is to sav, the entries in the first row of Tahle [
would be decreased from infinity to a series
- of not too large finite vaiues.

. Whether the converse is true, that is,
“-whether if one proceeded to a sufficiently
large number of approximations for the

_.case of touching wires at low frequency an
- infinite result would be obtained, must be
- amatter of conjecture. . On physical grounds,
- if a coplanar systern of an infinite number of
_infinitely long touching wires offers infinite

_.impedance to a transverse field of very high

- frequency. it seems not unreasonable to

. suppose that it will also offer an Infinite

-impedance to a low-frequency transverse
. field.

- Consequently. for different reasons, the

- applicability of the Butterworth low-fre-

. 'quency formula te specific coils is open to

Macch, 1947

as much doubt as that of his higli-frequency
formula.
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Radiocommunication Convention

The lnstitution of Electrical Engineers i» holding
a convention. covering the wartime activities in
the field of radiocommunications, from :3th to
28ttt March. The convention will be apened by
the President of the Board of Trade, Sir Statford
Cripps, ot 5,30 pm. on Tuesday, 25th Maech, and
he will introduce an address by Colonel sir Stanley
Angwin, on ** Telecommunications i VWar."”

On the following days there are to be morning,
afternoon and evening sessions a¢ which papers
covering naval, military, short and long distance,
and pulse communications will be read. Propaga-
tion, radio components and future trends will also
be covered in the convention,

At a further meeting at 5 3o pm. on nd April
there will be a paper on C. W, Navigational Alds.

Physical Society’s Exhibition

Tl jiat Exhibition af Scientific [n-trumeats
anch  Apparatus is being held by the Physical
sacety on gth-rzth April in the Phliysics and
Chemistry Departments of Impenal College, South
K+nsington, Londen, 5.3W.7.

Admission is by ticket only and iy restricted to
members of the Society from 10 a.m. to I p.m,,
but it is open to non-members from 2 p.m. to 9 p.m.



